We consider a model of hyperbolic conservation laws with damping and show that the solutions tend to those of a nonlinear diffusion equation with a rate of t y1 r2 time-asymptotically. The hyperbolic model may be viewed as isentropic Euler equations with friction term added to the momentum equation to model fluid flow in a pipe. ᮊ
INTRODUCTION
Consider the following quasilinear hyperbolic system modeling fluid flow w x in a pipe 7 q G s 0 Ž .
where is mass density, G s u is momentum density, u is fluid velocity, Ž . Ž . Ž< <. p s p is pressure satisfying pЈ ) 0 for 0 --ϱ, f s f G is the < < Moody friction factor and D is pipe diameter. The term yf G Gr2 D accounts for the momentum loss due to viscous friction between the fluid and the pipe wall. Ž . Ž .
y Ž . Ž . Ž . For classical solutions with ) 0, 1.4 is equivalent to 1.3 and 1.6 is Ž . equivalent to 1.5 . w x Ž . Luskin 4 studied the Cauchy problem for 1.1 and proved the existence and uniqueness of a global smooth solution when the initial data lie in an appropriate invariant region and the first derivatives are sufficiently small. Our interest in this paper is to study the large time behavior of Ž . Ž . solutions of 1.1 or 1.4 and establish the time asymptotic equivalence Ž . Ž . between 1.4 and 1.6 . We will show that the large time behavior of the Ž . solution of initial value problem of 1.4 can be well described by the Ž . corresponding solution of 1.6 provided that the initial momentum density belongs to the laminar region. Similar asymptotic results may be found in w x Ž . Ž . 1᎐3 . Note that system 1.6 is simpler than 1.4 and can be rewritten as a nonlinear diffusion equation for plus a decoupled equation for u.
For convenience, we still use x and p instead of y and p. We comparẽ the solutions of
where pЈ -0 for 0 --ϱ.
We consider the initial data
Ž . for 1.7 such that x ) 0 with lim x s ) 0 and
There are two important cases s ) 0 and / . The first case y q y q w x w x has been studied in 1 . We consider the second case in this paper. In 1 ,
Ž .
x is assumed to be a suitably small perturbation of the constant state Ž . * ª as ª "ϱ under certain conditions on p . We take a energy method. However we note that the present case is much more w x complicated than 3 ; in particular, the estimate of the lower order energy is much harder and precise decaying properties of the similarity solution Ž . * have to be used. First we apply some formal analysis to determine the phase shift Ž . constant x . Let x s "ϱ in 1.7 and integrate with respect to t, we arrive
On the other hand, we havë
The phase shift constant can now be determined from the ''mass condition'' of the conservation law Ž .
we will show that 1.19 ᎐ 1.22 has a unique global smooth 1 Ž solution provided that the initial data are small the precise description for . the smallness will be given later . Furthermore, the solution y and its derivatives y , y decay to zero in L ϱ -norm as t ª ϱ which implies that t x Ž . Ž . Ž . system 1.7 is accurately approximated by 1.8 or 1.9 time asymptotically Ž . Ž . since the functions t, x and u t, x decay to zero exponentially fast.ˆ For simplicity of presentation, we only give the proof for the case when Ž . u s u s 0 in which ' 0, u ' 0 and 1.13 becomeŝŷ
The general case can be treated in a similar way by using the properties Ž . Ž . of t, x and u t, x . Moreover, we assume ␣ s 1 for simplicity.ˆ2
. PRELIMINARY REMARKS Consider the Cauchy problem y pŽ . x x y q p y q¨y p¨q y y q¨y p¨y s0
and x is chosen such that
Ž . We shall first derive some important properties for the similarity solu-' Ž . ŽŽ . . tion¨t, x s * x q x r t q 1 which will be needed later. Denote 
Ž . Ž . Ž . 
we can obtain the same property 2.15 for higher derivatives of¨in terms of and also of x and t. Furthermore, we have LEMMA 2.1. Under the Hypothesis 2.1, the following decay estimates hold
Ž . Ž .
where all constants, as we ha¨e stipulated, only depend on ⍀ and p.
By using Sobolev's lemma, we have
Thus, using the L 2 -energy method we will solve the Cauchy problem Ž . Ž .
for any T ) 0. 
For this purpose, it suffices to obtain the a priori estimate of
for the solution y with y q¨g ⍀, where yy q y q y q y ,¨dx Ž .
Ž . 
H H t t x
Thus for -, it follows that
yy q y q y q y ,¨dx Ž .
x tt x xt 5 ž /ẗ Ž .
Ž . E t q y q y q y q y q y q y dxd Ž .
H H t t x x x tt x t x x tt x x t x x
H H t x t x t t t t x t x x
s yϱ 3.37
q y for sufficiently small. Ž . The proof of Lemma 3.1 is completed by setting s s 0 in 3.37 .
THE MAIN THEOREM
The main theorem of this paper is the following with a rate of t y1 r2 in L ϱ -norm as t ª ϱ.
Proof. We choose the initial data so small that 4 KC 4C R Ž . where is the same as in Lemma 3.1, C is the same as in 3.9 .
By the local existence theorem there exists t ) 0 such that the solution 0 Ž . y t g X exists in 0 F t F t and satisfies 3 0 E t F 2 E 0 and y q¨g ⍀ in 0 F t F t .
Ž .
